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Some Presic Type Generalizations
of the Banach Contraction Principle

K.P.R. RAO, MD. MUSTAQ ALI AND BRIAN FISHER

ABSTRACT. In this paper, we extend and generalize Presic Type theo-
rems for a pair of maps and Jungck type maps.

1. INTRODUCTION AND PRELIMINARIES

In 1932 Banach [2] proved the following theorem:

Theorem 1.1 (|2]). Let (X,d) be a complete metric space and let T be a
mapping of X into X satisfying the inequality d(Tx,Ty) < Ad(z,y) for all
x,y € X, where 0 < A< 1. Then T has a unique fized point in X.

Since then, many generalizations of this principle have been made by
several authors. Considering the convergence of certain sequences Presic [3]
proved the following theorem.

Theorem 1.2 ([3]). Let (X, d) be a complete metric space, k a positive inte-
ger and let T be a mapping of X* into X, satisfying the following contractive
type condition

d(T(fL‘l,CEQ,CEg, cee ,xk)vT($2a L3y T4y .-y Th, :Ek-‘y-l))

1.1
(L) < qud(x1,x2) + qd(x2,23) + - - + qrd(Tk, Tp11)

for every xy,xa, 3,24, ..., Tk, Tpr1 € X, whereqi, qa, . . ., qx are non-negative
constants such that g1 + g2 + ...+ qx < 1. Then there exists a unique point
x € X such that T(z,z,x,...,z) = x.

Moreover, if x1,x2,x3,...,T, are arbitrary points in X and if for all n €
N, zpip = T(Xp, Tpgi,y ..oy Tnik—1), then the sequence {xy,} is convergent
and limx,, = T(lim zp, lim x,,, ..., limx,).

Ciric and Presic [1] generalized Theorem 1.2 as follows:
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Theorem 1.3. Let (X,d) be a complete metric space, k a positive integer
and let T be a mapping of X* into X satisfying the following contractive
type condition

(1.2) d(T(w1, 02,23, .., Tk), T(T2, 3, T4, . ., T, Thy1))

' < Amax{d(z;,r;i11)/1 <i <k}
for every x1,x9,x3,24,..., 2, k11 € X, where 0 < A < 1. Then there
exists a point x € X such that T(x,z,x,...,x) = x.

Moreover, if x1,xs,23,...,x are arbitrary points in X and if for alln €
N, pix = T(%n, Tpt1y .-y Tprk—1), then the sequence {x,} is convergent
and limx,, = T(limz,, im x,, ..., limz,). If in addition, we suppose that
on the diagonal A C X*, the condition
(1.3) d(T(u,u,...,u),T(v,v,...,v)) < d(u,v)

holds for all distinct u,v € X, then x is the unique point in X with
T(z,x,...,x) =z.

Now in this paper we extend and generalize the above theorems for a pair
of mappings and Jungck type mappings.

2. MAIN RESULT

Theorem 2.1. Let (X,d) be a complete metric space, k a positive integer
and let S, T be mappings of X2* into X satisfying the following contractive
type conditions

@.1) d(S(x1,xa,. .. ,ka_l,xgk.),T(xg, T3y Toky Tokt1))
< Amax{d(z;,xiy1) : 1 <i <2k},

for all x1,29, ..., 298, xop+1 € X and

(22) d(T(y1,Y2, - -+ > Y2k—1,Y2k ) S(Y2, Y35 - - - > Y2ks Y2kt 1))

< Amax{d(yi,yi+1) : 1 <1i <2k},
for all y1,y2, ..., Yok, Yor+1 € X, where 0 < A < 1.
Suppose x1,x2, ..., T are arbitrary points in X and for allm € N let
Tokton—1 = S(T2n-1, Tan, T2n+1, - - - Tant2k—2)
and
Tokton = T(Tan, Tont1, T2nt2, - - T2n42k—1)-
Then the sequence {x,} is convergent to some x € X such that
(A) S(z,z,....,x)=2x=T(z,z,...,x).
In addition, if
(i) 2kA < 1, or
(ii) d(S(u,u,...,u),T(v,v,...,v)) < d(u,v),
for all distinct u,v € X, then x is the unique point satisfying (A).



K.P.R. Rao, MD. MusTAQ ALI AND BRIAN FISHER 43

Proof. Let ay, = d(xp, Tp+1). We claim that o,, < K", for allm € N, where
6 = X\/?* and K = max{a; /0", a2/62,...,ag./6%*}. By selection of K we
have o, < KO" for n =1,2,...,2k.

Now

Qoky1 = d(Top41, Tory2)

=d(S(z1,72,. .., Top—1,%ox), T (T2, 73, . .., Top, Top41))
< Amax{d(z;, it1) : i=1,2,...,2k} (by (2.1))
= Amax{ay, a9, ..., Q51,02 }

< Amax{K0,K60% ... K621 Ko%*)}

= \K0

= Cak (since 6 = \1/2F)

and so aopy < KO
Similarly

okt = d(T2p42, T4 3)
=d(T (w2, 23, .., Tok, Tart1), S(T3, T4, - - -, Topy1, Top12))
< Amax{d(z;, xiy1): 1=2,3,...,2k+ 1} (by (2.2))
= Amax{a;/i =2,3,...,2k+ 1}
< Amax{K@? K63, ... K@ 1
= \K0?
= Ko*+2 (since = A1/2F)

and 50 agpyo < K622, Hence our claim is true.
Now, by our claim, for any n,p € N, we have

d(Tn, Tnip) < d(Tp, Tnt1) + A(Tnt1, Tnto) + oo+ d(Tngp-1, Tnip)
=anptapy1+ ..o+ Qpgp
< KO+ Ko™t 4 . 4 Kol
<K@ 4+ 4 et

n

=K
1-0

— 0 (asn— 00).

Hence {x,} is a Cauchy sequence. Since X is a complete metric space,
there exists a point x € X such that x = lim, o . Then for any integer
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n, using (2.1) and (2.2), we have

d(S(z,z,...,z),xony0p—1) = d(S(z,z,...,x),S(T2n-1,Ton,s- -+, Tont2k—2))
< d(S(l‘ x, a:),T(:E,w, e T, Top—1))
+d(T ( ces @y Top—1),S(x, Ty o Ton—1, Top))
+d(S(z, S Ty X1, %2n ), T (T, X,y o Ty Xom—1, Ton, Tont1))
+d(T (=, Ty X, Tont1), S(T, X,y .o X, Topy Tont1, T2n42)) + - - -
(S(:U Xy Tom—1, T2y« - s Tontok—a), L (T3 Xon—1,Toms -+« s Ton12k—3))

+d(T(z, on—1, T2n, - - - s Tant2k—3) S(T2n—1,T2n, - - -, Tan42k—2))
< M(z, 22,1) + Amax{d(x, v2,_1), d(T2n_1, T2n)}

+ Amax{d(z, xon—1), d(T2n—1,%2n), d(Ton, Tont1)} + . ..
+ Amax{d(z, x2n-1), d(T2n—1, Z2n), d(T2n, T2n+1), d(T2n+1, Tant2)}
+ ...+ Amax{d(z, xon—1), d(x2n—1, Tan), - - . , d(Ton+2k—1, Tan+2k—3) }
+ Amax{d(z, xon—1), d(Ton—1,%2n), - . . , d(T2n+2k—3, T2nt2k—2) }-

Taking the limit as n — oo, we get

d(S(z,z,...,x),z) <0
and so S(z,z,...,z) = x.
From (2.1), we have
dz, T(zx,z,...,z)) =d(S(z,z,...,z), T(z,x,...,z)) =0

and so T'(x,x,...,z) = .
To prove the uniqueness of x, we suppose that there exists a point y # x
in X such that

Sy, y) =y =Ty, y)-
Suppose (i) holds so that 2k < 1.

d(z,y) =d(S(z,z,...,2), T(y,y,...,Y))
<d(S(z,z,...,x),T(z,x,...,z,y) +d(T(z,z,...,x,y),S(z,x,...,2,y,y))
+d(S(z,z,...,x,y,9), T(x,2,...,2,9,9,Y))
+d(T(z,zy...,2,y,y,9),S(x, 2, ..., 2,9,9,9,9))
+...+dS(z,x,y,y, .. y), T(z,y,y, ..., Y))
+d(T(@ gy, y), W ys 9, -+ y))
+d(SW Y55 Y) T Wy Y5 -, y)
< Md(z,y) + Md(z,y) + Md(z,y) + ... + Xd(z,y) + Ad(z,y) + 0
=2KXd(z,y) < d(z,y),

a contradiction. Therefore y = . O
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Suppose (ii) holds. Then
d(z,y) =d(S(z,z,...,2), T(y,y,...,y)) < d(z,y),
a contradiction and again y = z.

Corollary 2.1. Let (X,d) be a complete metric space, k a positive integer
and let S, T be mappings of X** into X satisfying

d(S(xl, L2y vey L2k—1, .’L'Qk;), T(an T3y ..y T2, x2k+1))

2.3

(23) < qud(z1,72) + qad(w2,3) + . . . + qoxd(Top, Top11),
for all x1,29,x3,...,Tok, Top+1 € X and

(2 4) d(T(yb Y2, -5 Y2k—-1, ka)a S(Z/?a Y3z, - -5 Y2k, y2k+1))

< qud(y1,y2) + @2d(y2,y3) + . - . + qrd(Yor, Yor+1)

for all y1,y2,- .., Y2k, Y2k+1 € X, where q1,q2, .. .,qak are non-negative con-
stants such that q1 +q2+ ...+ qo, < 1. Then there exists unique x € X such
that

S(z,x,z,...,x) =x=T(z,z,x,...,1).

Proof. (2.3) and (2.4) imply the conditions (2.1) and (2.2) respectively with
A=q +qg2+...+gor. Now from Theorem 2.1, there exists x € X such that
S(x,z,...,x)=2x=T(z,z,...,x).

To prove the uniqueness of x, suppose there exists a point y # x in X
such that
Sy, y) =y =T(y,4,..., ).
Then
d(z,y) =d(S(x,z,...,2), T(y,y,...,y))
< d(S(z,x, a:),T(:E,w, conxy) HdT(x, .. 2, y), S(e, 2, . 2, y,y)
+d(5( oy y), T(r,z,. .. x,y,9,9))
+d(T(z,2,...,2,y,y,9), 5@z, ..., 2,5,5,5,y)) + -
(S(:v Y Y- y), T(@,y,y, - y))
+d(T(2,y,y,---,9), 5,9,y y))
+d(S(w,y,y, - 9). T(Y, 4,95 - -, y))
< qord(z,y) + gop—1d(z,y) + ... + q@d(z,y) + q1d(z,y) + 0
= (@ + g2+ ...+ gor1 +qu)d(z,y) < d(z,y),
which is a contradiction. Therefore y = x. U
Definition 2.1. Let X be a non empty set, let 7' be a mapping of X* into

X and let f be a mapping of X into X. Then (f,T) is said to be weakly a

k-compatible pair if f(T(p,p,...,p)) =T (fp, fp,..., fp), whenever p € X
is such that fp=T(p,p,...,Dp).
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Theorem 2.2. Let (X,d) be a metric space, k a positive integer, let T be a
mapping of X* into X and let f be a mapping of X into X satisfying

25) d(T(x1, 2,23, ... ,l‘k),T(QS‘Q,'ZL‘g,:M, ey Ty Tpa1))
< Amax{d(fx;, frit1): 1 <i<k},

for all x1,x9, 23,24, ..., 2k, Tpr1 € X, where 0 < A <1 and

(2.6) d(T(u,u,...,u),T(v,v,...,v)) < d(fu, fv),

for all distinct u,v € X. Suppose further that T(X*) C f(X), f(X) is
complete and (f,T) is a weakly k-compatible pair. Then there exists a unique

point z € X such that
fz=2=T(z,2,...,2).
Proof. Let x1,29,...,x; be arbitrary points in X and define
fnike =T (Xn, Tpit, - Toak—1)
for all n € N. By proceeding as in [1], we can prove that {fx,} is a Cauchy
sequence in f(X). Since f(X) is complete, there exists a point z € f(X)
such that fx,, — z. Hence there exists a point p € X such that z = fp.
Now consider
d(fTnik, T(p,ps---,p)) = AT (p.p, ..., P), T(Tn, Tt -, Tpk—1))
<dT(.p,..-.p). TP, p, .. P, Tn))
+d(T(p,p,-- - 0, 20), T(P; P, - - - P; T, Tny1))
+d(T(Pps sy Ty Tng 1), TPy Py -3 Py Ty Tt 15 Try2))
+d(T(p,ps - -+ Py Tny Tt 1, Tt 2), T(Ds Dy - -+, Dy Ty T 15 Tt 2, T 3))
+ ..+ d(T (P, xn, Tty oo Tpak—2), T (T, Trg 1y -+ oy Tprk—1))
< Xd(fp, fen) + Amax{d(fp, fxn), d(f2n, frni1)}
+ Amax{d(fp, fon), d(frn, frni1), d(fTni1, fTni2)}
+ Amax{d(fp, frn), d(frn, frni1), d(fTnt1, fTni2), d(fTny2, [Tnis)}
+ .+ Amax{d(fp, fxn), d(frn, frni1), . d(fTnik—2, fTnir—1)}.

Letting n — oo we get
d(fp,T(p,p,....p)) <0

so that fp=T(p,p,...,p).
Since (f,T) is weakly k-compatible we have

f(T,p,....,p) =T(fp, fp,.., fp)
and so

2p=f(fp) = f(T®.p,-...p)) = T(fp. fp-... D).
Thus

(i) fz=T(z,2,...,2).
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We now have

d(f2p’fp) :d(T(fp?fp7"‘7fp)’T(p’p7"'7p)) <d(f2p’fp)7

which is a contradiction. Therefore f2p = fp so that fz = z.
From (i), we now have

(ii) z=fz=T(z,2,...,2).

To prove uniqueness, suppose that there exists a point 2! # z in X such
that

A= fl =1 2.

Then
d(z,2) =d(T(z,2,...,2),(T(z4, 24, ..., 2Y)

<d(fz f2Y) from (2.6)

=d(z,2b),
which is a contradiction. Therefore z = z! proving that z is the unique point
satisfying (ii). O
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